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Abstract
Let (M, g) be a Riemannian manifold with boundary. We show that
knowledge of the length of each geodesic, and where pairwise intersec-
tions occur along the corresponding geodesics allows for recovery of the
geometry of (M, g) (assuming (M, g) admits a Riemannian collar of a
uniform radius). We call this knowledge the ‘stitching data’. We then
pose a boundary measurement type problem called the ‘delayed collision
data problem’ and apply our result about the stitching data to recover
the geometry from the collision data (with some reasonable geometric
restrictions on the manifold).
1 Introduction
Let (M, g) be a Riemannian manifold with boundary. Imagine each geodesic
of M is a string of a length determined by the metric. Now, suppose that
for each pair of intersecting geodesics, you know where they intersect and how
intersection points on the first geodesic correspond to intersection points on
the second. With this information, one could imagine gluing all of the strings
together in the right places to reconstruct the manifold. The image that comes
to mind is that of stitching a collection of threads together to form a piece
of fabric. Thus, we will call the information described above the ‘stitching
data’. With reasonable geometric constraints, we will show that knowledge of
the stitching data does indeed allow us to recover the geometry of the manifold
it came from.
Additionally, when every geodesic intersects the boundary, we can think of
the stitching data as a type of boundary data, and we can place this in the
broader setting of boundary rigidity problems. We describe a geometric data
set called the delayed collision data which encodes when two particles fired from
different points on the boundary at different times will first collide (if they collide
at all). We show that the delayed collision data determines the stitching data
(again, with reasonable geometric assumptions).
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2 The Stitching Data
Let (M, g) be a Riemannian manifold with boundary. Let Xg be the geodesic
vector field on TM . Then for each vector v ∈ TM , there is an integral curve
γˆv : Iv → TM , where γˆv(0) = v, and Iv is the maximal domain.
In general, Iv could be any type of interval (closed, open, infinite, half-open,
etc...). Additionally, Iv could be the singleton set {0}. We let γv : Iv → M be
the projection of γˆv onto the base space M .
Let SM ⊂ TM denote the unit sphere bundle. For v, w ∈ SM , write
v ∼SM w if there exists t ∈ Iv such that w = γˆv(t). Then it is easy to verify
that ∼SM is an equivalence relation on SM . Thus, ∼SM partitions SM into
equivalence classes. Let [v] ⊂ SM denote the equivalence class containing v.
We let G = SM/ ∼SM . G represents the space of geodesics.
We are now able to formally define the geodesic data described in the intro-
duction:
Definition 2.1. Let (M, g) be a Riemannian manifold with boundary. A stitch-
ing data for (M, g) is a triple (G ,m,C ) such that there exists a funciton
f : G → SM satsifying
1. α 7→ [f(α)] is surjective from G to G.
2. For each α ∈ G , mα = If(α).
3. For α, β ∈ G , Cα,β : mα → 2mβ satisies t ∈ Cα,β(s) if and only if
γf(α)(s) = γf(β)(t).
We recall that, for each x ∈ M , there is an exponential function, expx,
defined on a subset of TxM taking values in M . We call this subset dom(expx) ⊂
TxM and define it as follows: for v ∈ TxM , we write v ∈ dom(expx) if [0, 1] ⊂ Iv.
This lets us define expx : dom(expx)→M by expx(v) = γv(1).
When x is in the interior of M (i.e. x ∈ M \ ∂M) the exponential map
is a local diffeomorphism. Specifically there exists ε > 0 such that Bε(0) ⊂
dom(expx) and expx : Bε(0) → M is a diffeomorphism onto its image (where
Bε(0) = {v ∈ TxM ||v|g ≤ ε}). We let injx be the supremum over all such ε.
Note that injx may be infinite.
For a full review of the exponential map, we refer readers to [Lee18].
The following definition is adapted from [Sch01].
Definition 2.2. Let (M, g) be a Riemannian manifold with boundary. For
x ∈ ∂M , let νx be the inward pointing unit normal vector at x. Let rC > 0.
If the map K : (x, t) 7→ expx(tνx) from ∂M × [0, rC) → M is defined and is a
diffeomorphism onto its image, we say that rC is a collar radius for (M, g).
If there exists a collar radius for (M, g), we say that (M, g) is collarable.
If rC is a collar radius for (M, g), we let N(rC) denote the image K(M ×
[0, rC)). We call the coordinate (x, t) 7→ K(x, t) boundary normal coordinates
for N(rC).
We are now able to state our main result.
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Theorem 2.3. Let (M, g) be a collarable Riemannian manifold with boundary.
Then a stitching data for (M, g) determines its isometry class.
When (M, g) is a compact manifold with boundary, there are always bound-
ary normal coordinates. Thus, we obtain the following corollary.
Corollary 2.4. Let (M, g) be a compact Riemannian manifold with boundary.
Then a stitching data for (M, g) determines its isometry class.
3 Proof of Main Result
We prove Theorem 2.3 in two parts. In the first part, we put a length structure
on M where admissable curves are piecewise geodesic. We show that the dis-
tance function induced by this length structure is equal to dg. For an overview
of length spaces and length structures, we refer readers to [BBI01].
In the second part, we use the stitching data to construct a length space X.
We then show that the constructed length space is isomorphic to the piecewise
geodesic length space from the first part.
3.1 The Piecewise Geodesic Length Structure
Let (M,Lg,A) be the standard length structure for (M, g). In particular, a
continuous curve η : [a, b] → M is in A if and only if η is piecewise smooth.
Additionally, its length is defined by Lg(η) =
∫ b
a
|η˙(t)|gdt.
For x, y ∈ M , we denote the set of piecewise smooth curves which begin at
x and end at y by Ax,y. The length structure induces a distance function
dg(x, y) = inf
η∈Ax,y
Lg(η)
which is the standard Riemannian distance.
Definition 3.1. Let (M, g) be a Riemannian manifold with boundary. We
say a continuous curve η : [a, b] → M is piecewise geodesic if there exists a
partition {x1, ..., xn} of [a, b], vectors {v1, ..., vn−1} ⊂ SM , and smooth functions
{s1, ..., sn−1} such that
1. vk ∈ TxkM .
2. sk : [xk, xk+1]→ Ivk
3. η
∣∣
[xk,xk+1]
(t) = γvk(sk(t)) for all t ∈ [a, b].
For such a curve, we write η ∈ Ap.g..
We call the length structure (M,Lg,Ap.g.) the piecewise geodesic length
structure. This length structure induces the piecewise geodesic distance
dp.g.(x, y) = inf
η∈Ap.g.x,y
Lg(η)
The goal of this section is to prove the following
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Theorem 3.2. Let (M, g) be a collarable Riemannian manifold with boundary.
Then dg = dp.g..
Since Ap.g. ⊂ A and the distance functions are defined by taking the infimum
over the corresponding sets of admissable curves, we easily obtain dg ≤ dp.g..
Thus, we wish to show the opposite inequality. Specifically, we claim that
dp.g. ≤ dg. We will need a handful of lemmas to prove Theorem 3.2.
First, we show that piecewise smooth curves are lipschitz with respect to the
distance function dg.
Lemma 3.3. Let η ∈ A. Then η is Lipschitz.
Proof. Let η : [a, b]→M be in A. We must show that there exists M > 0 such
that dg(η(s), η(t)) ≤M |s− t| for all s, t ∈ [a, b].
Let {x1, ..., xn} be a partition of [a, b] such that η
∣∣
[xk,xk+1]
is smooth. Let
ηk = η
∣∣
[xk,xk+1]
. Then |η˙k| is continuous for each k. Thus, by the extreme
value theorem, there exists Mk > 0 such that |η˙k| ≤ Mk on [xk, xk+1]. Let
M = max{M1, ...,Mn−1}. Then
dg(η(s), η(t)) ≤ Lg(η
∣∣
[s,t]
)
≤
∫ t
s
|η˙(r)|gdr
≤
∫ t
s
Mdr
≤M |s− t|
as required.
Next, we show that if a piecewise smooth curve is contained in the interior
of M , then there is a piecewise geodesic curve with the same endpoints whose
length is no greater than the original curve.
Lemma 3.4. Let (M, g) be a Riemannian manifold with boundary. Let x, y ∈
M \ ∂M and η : [a, b] → M \ ∂M be in Ax,y. Then there exists η˜ ∈ Ap.g.x,y such
that Lg(η˜) ≤ Lg(η).
Proof. Let (M, g), x, y, η be as stated. Our strategy will be to find a parti-
tion {tk}nk=1 of [a, b] such that there is a minimizing geodesic between η(tk)
and η(tk+1). Then we will form η˜ by concatenating the minimizing geodesic
segments.
From [Bou20] Proposition 10.18, the injectivity radius on a manifold with-
out boundary is continuous. It follows from this that the injectivity radius
is continuous on M \ ∂M . Thus, by the extreme value theorem the function
injη(t) achieves a positive minimum on [a, b]. Let 0 < r < inf
t∈[a,b]
injη(t). This
implies that there is a unique unit speed, minimizing geodesic from η(t) to η(s)
whenever dg(η(t), η(s)) ≤ r.
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By Lemma 3.3, there exists M > 0 such that dg(η(s), η(t)) ≤ M |s − t|. In
particular, if |s− t| < rM , then there is a minimizing geodesic segment from η(s)
to η(t) [Lee18].
Thus, let {t1, ..., tn} be a partition of [a, b] such that |tk− tk+1| < rM for k =
1, ..., n−1. For each such k, let ηk : [0, dg(η(tk), η(tk+1)]→M be the minimizing
geodesic segment connecting η(tk) to η(tk+1). We form η˜ by concatenating all
of the ηk.
It is clear that η˜ ∈ Ap.g.x,y by construction. Additionally, since the ηk are
minimizing, Lg(ηk) ≤ Lg(η
∣∣
[tk,tk+1]
) for all k = 1, 2, ..., n − 1. Thus, Lg(η˜) ≤
Lg(η) as required.
In the following lemma, we construct a family of smooth maps field to push
curves away from the boundary.
Lemma 3.5. Let (M, g) be a collarable Riemannian manifold with boundary.
Then, there exists a smooth one parameter family of maps ϕ• : [0,∞) → M
such that
1. ϕ0 is the identity.
2. For all t > 0, ϕt(x) ∈M \ ∂M .
3. For all x ∈ M , and all s > 0, the curve t 7→ ϕt(x) from [0, s] → M is
either stationary or a parameterization of a geodesic segment whose length
is less than or equal to s.
Proof. Let rC > 0 be a collar radius for (M, g). Let Xν be the vector field
on N(rC) which is given by ∂t in the boundary normal coordinates (x, t) 7→
expx(tνx). Let χ : [0, rC) → [0, 1] be a non-negative smooth function which is
identically one on [0, rC3 ], non-zero on [0, 2
rC
3 ), and identically zero on [
2rC
3 , rC).
Let V (x, t) = χ(t)Xν(x, t). Then V extends to a smooth vector field which is
identically zero on M \N( 2rC3 ). Let ϕt be the flow generated by V . We claim
that ϕ• has the desired properties.
The fact that ϕ0 is the identity is a property of all flows generated by vector
fields, so ϕ• has property 1.
Now, we prove that ϕ• has property 2. Let x ∈M . Then either x ∈ N( 2rC3 )
or x /∈ N( 2rC3 ). If x /∈ N( 2rC3 ), then V (x) = 0 by construction, so the integral
curve is stationary. Thus, ϕt(x) = x ∈M \N( 2rC3 ) ⊂M \ ∂M .
If x ∈ N( 2rC3 ), then let x = (x′, s) in boundary normal coordinates. Let f
solve the initial value problem
{
f ′ = χ
f(0) = s
. In particular, χ > 0 on N( 2rC3 ) so
f is increasing. Additionally, by construction ϕt(x) = (x
′, f(t)), so for t > 0 we
have f(t) > 0 and (x′, f(t)) /∈ ∂M . This proves that ϕ• has property 2.
Finally, we show that ϕ• has property 3. Let x ∈ M . Again, there are two
possibilities. Either x ∈ N( 2rC3 ) or x /∈ N( 2rC3 ). As before, if x /∈ N( 2rC3 ), then
ϕ•(x) is stationary.
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If x ∈ N( 2rC3 ), then we have that ϕt(x) = (x′, f(t)) in boundary normal
coordinates as before. This is a reparameterization of the unit speed geodesic
t 7→ (x′, t). It follows from properties of boundary normal coordinates that
| ddtϕt(x)|g = |f ′(t)|. Since f ′(t) = χ(t) ≤ 1, we have that the length of ϕt(x)
∣∣
[0,s]
is at most s as required.
Next, we show that we can push a curve away from the boundary in a
controlled way.
Lemma 3.6. Let (M, g) be a collarable Riemannian manifold with boundary.
Let x, y ∈ M , η ∈ Ax,y, and ε > 0. Then there exists x′, y′ ∈ M \ ∂M and
η˜ ∈ Ax′,y′ such that
1. dp.g.(x, x
′) + dp.g.(y′, y) ≤ ε
2. The image of η˜ is contained in M \ ∂M .
3. Lg(η˜) ≤ Lg(η) + ε
Proof. We use the flow constructed above to prove Lemma 3.6. Let x, y, η, ε be
as stated. Let 0 < rC < ε be a collar radius for (M, g) and let ϕ• be the flow
constructed in Lemma 3.5.
For δ ≥ 0, let ηδ(t) = ϕδ(η(t)). Then ηδ ∈ Aϕδ(x),ϕδ(y). Since ϕ• is smooth,
we have that δ 7→ Lg(ηδ) is continuous and equal to Lg(η) when δ = 0. Thus,
there exist δ′ > 0 such that if δ < δ′, then Lg(ηδ) ≤ Lg(η) + ε.
Additionally, from the property 3 of ϕ•, we have that ϕ•(x)
∣∣
[0,δ]
and ϕ•(y)
∣∣
[0,δ]
are piecewise geodesic, and Lg(ϕ•(x)
∣∣
[0,δ]
), Lg(ϕ•(y)
∣∣
[0,δ]
) ≤ δ. Thus, dp.g.(x, ϕδ(x))+
dp.g.(y, ϕδ(y)) ≤ 2δ. Choose δ < min{ε/2, δ′}. Let x′ = ϕδ(x), y′ = ϕδ(y) and
η˜ = ηδ. Then, dp.g.(x, x
′) + dp.g.(y′, y) ≤ ε as required.
Finally, from property 2 of ϕ•, we have that the image of η˜ is contained in
M \ ∂M as required.
Finally, we use Lemma 3.4 and Lemma 3.6 to prove Theorem 3.2
Proof of Theorem 3.2. Let (M, g) be a collarable Riemannian manifold with
boundary. Let x, y ∈ M and η ∈ Ax,y. Let ε > 0. Then by Lemma 3.6 there
exists x′, y′ ∈M \ ∂M and η1 ∈ Ax′,y′ such that
1. dp.g.(x, x
′) + dp.g.(y′, y) ≤ ε3
2. The image of η1 is contained in M \ ∂M .
3. Lg(η1) ≤ Lg(η) + ε3 .
From Lemma 3.4, there exists η2 ∈ Ap.g.x′,y′ such that Lg(η2) ≤ Lg(η1).
From the definition of dp.g., there exists η3 ∈ Ap.g.x,x′ and η4 ∈ Ap.g.y′,y such that
Lg(η3) ≤ dp.g.(x, x′) + ε6 and Lg(η4) ≤ dp.g.(y′, y) + ε6 . Combining this with (1.)
above, we obtain Lg(η3) + Lg(η4) ≤ 2 ε3 .
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Thus, let η˜ ∈ Ap.g.x,y be obtained by concatenating η3, η2 and η4. Then we
have that
Lg(η˜) = Lg(η3) + Lg(η2) + Lg(η4)
≤ 2ε
3
+ Lg(η2)
≤ 2ε
3
+ Lg(η) +
ε
3
≤ Lg(η) + ε
3
Thus, we have shown that for all ε > 0, there exist η˜ ∈ Ap.g.x,y such that Lg(η˜) ≤
Lg(η) + ε. From this, it follows that dp.g.(x, y) ≤ dg(x, y).
Combining this with the trivial inequality that dg(x, y) ≤ dp.g.(x, y), we get
the desired equality dg(x, y) = dp.g.(x, y).
3.2 Constructing an Isomorphic Length Space
In the previous section, we showed that dp.g. = dg if (M, g) is collarable. In
this section, we show that knowledge of the stitching data allows us to form a
length space that is isomorphic to (M,Lg,Ap.g.). From this it will follow that
knowledge of the length space allows us to construct a metric space which is
isometric to (M,dg).
As before, let (M, g) be a Riemannian manifold with boundary, and let
(G ,m,C ) be a stitching data for M . We form the stitching space by taking
the disjoint union S = unionsqα∈Gmα. For points in S, we use subscripts to make it
explicit which mα they come from. For instance, we would write aα ∈ mα ⊂ S.
In the following, we construct a length space (X,LX ,AX). It is important
to note that we do this without reference to M ; all of the information required
to carry out the construction is contained in the stitching data.
Construction 3.7. Write aα ∼S bβ if Cα,β(aα) 3 bβ This forms an equivalence
relation on S. Let 〈aα〉 ⊂ S denote the equivalence class containing aα. Let
X = S/ ∼S .
For η : [c, d] → X, write η ∈ AX if there exists a partition {x1, ..., xn} of
[c, d], a subset {α1, ..., αn−1} ⊂ G , and smooth curves {η1, ..., ηn−1} such that
1. ηk : [xk, xk+1]→ mαk , for k = 1, 2, ..., n− 1.
2. η
∣∣
[xk,xk+1]
(t) = 〈ηk(t)〉, for k = 1, 2, ..., n− 1
3. 〈ηk(xk+1)〉 = 〈ηk+1(xk+1)〉 for k = 1, 2, ..., n− 2.
For η ∈ AX , with {η1, ..., ηn−1} as above, define
LX(η) =
n−1∑
1
L(ηk)
Where L(ηk) =
∫ xk+1
xk
|η′k(s)|ds
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Lemma 3.8. The relation ∼S defined in Construction 3.7 is in fact an equiv-
alence relation.
Proof. We must show that ∼S is reflexive, symmetric and transitive. Let f :
G → SM satisfy the hypotheses of Definition 2.1.
First, we show that ∼S is reflexive. Let aα ∈ mα ⊂ S. Then γf(α)(aα) =
γf(α)(mα), so aα ∈ Cα,α(aα). Thus, aα ∼S aα as required.
Now, we show that ∼S is symmetric. Let aα, bβ ∈ S. Suppose aα ∼ Sbβ .
Then, bβ ∈ Cα,β(aα). Thus, γf(α)(aα) = γf(β)(bβ). This implies that aα ∈
Cβ,α(bβ), so bβ ∼S aα as required.
Finally, we show that ∼S is transitive. Let aα, bβ , cζ ∈ S. Suppose that
aα ∼S bβ and bβ ∼S cζ . Then it follows that γf(α)(aα) = γf(β)(bβ) = γf(ζ)(cζ).
Thus, cζ ∈ Cα,ζ(aα). This implies that aα ∼S cζ as required.
Definition 3.9. Let (Yi, Li,Ai) be length spaces for i = 1, 2. We say that the
length spaces are isomorphic if there exists a bijection ϕ : Y1 → Y2 such that
1. The map η 7→ η ◦ ϕ is a bijection from A1 → A2
2. L2(η ◦ ϕ) = L1(η) for all η ∈ A1.
Clearly the metric spaces generated by isomorphic length spaces are isomet-
ric. Thus, we wish to show the following:
Theorem 3.10. The length structure (X,LX ,AX) is isomorphic to (M,Lg,Ap.g.).
To prove Theorem 3.10 we will need the following two facts, which follow
directly from basic properties of the geodesic flow:
Lemma 3.11. Let (M, g) be a Riemannian manifold with boundary. Suppose
v, w ∈ SM and v ∼SM w. Then, there exists an isometry s : Iv → Iw such that
γˆv = γˆw ◦ s, and γv = γw ◦ s.
Lemma 3.12. Let (M, g) be a Riemannian manifold with boundary. Suppose
v ∈ SM and η : [a, b] → Iv is smooth. Let µ : [a, b] → M be defined by
µ(t) = γv(η(t)). Then |η′(t)| = |µ˙(t)|g.
Proof of Theorem 3.10. Let (G ,m,C ) be the stitching data for (M, g) from
which (X,LX ,AX) was constructed. Then, there exists f : G → SM satis-
fying the constraints of Definition 2.1.
Let ϕ˜ : S → M be defined by ϕ˜(aα) = γf(α)(aα). If 〈aα〉 = 〈bβ〉, then
γf(α)(aα) = γf(β)(bβ). Thus, ϕ˜(aα) = ϕ˜(bβ), so ϕ˜ is constant on the equivalence
classes of ∼S . This implies that ϕ˜ passes to the quotient space. Specifically,
there exists ϕ : X → M satisfying ϕ(〈aα〉) = ϕ˜(aα). We claim that ϕ satisfies
the constraints of Definition 3.9.
First, we show that ϕ is surjective. Let y ∈ M . We must show that there
exists 〈aα〉 ∈ X such that ϕ(〈aα〉) = y. Let v ∈ SyM . Since α 7→ [f(α)] is
surjective, there exists α ∈ G such that [f(α)] = [v]. By the definition of ∼SM ,
there exists aα ∈ If(α) = mα such that γf(α)(aα) = y. Thus, ϕ˜(aα) = y, so
ϕ(〈aα〉) = y as required.
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Next, we show that ϕ is injective. Let 〈aα〉, 〈bβ〉 ∈ X. Suppose ϕ(〈aα〉) =
ϕ(〈bβ〉). We must show that aα ∼S bβ . The fact that ϕ(〈aα〉) = ϕ(〈bβ〉) implies
that γf(α)(aα) = γf(β)(bβ). Thus, bβ ∈ Cα,β(aα), so aα ∼S bβ as required.
Thus, we have that ϕ is surjective and injective, so it is a bijection.
Let Φ : AX → Ap.g. be defined by Φ(η) = η ◦ ϕ. We claim that Φ is a
bijection.
First, we show that Φ is surjective. Let η˜ : [a, b] → M be a piecewise
geodesic path. We must show that there exists η ∈ AX such that Φ(η) = γ˜.
Since η˜ is piecewise geodesic, there exists a partition {x1, ..., xn} of [a, b] such
that η˜
∣∣
[xk,xk+1]
(t) = γvk(sk(t)) for vk ∈ SM and sk : [xk, xk+1]→ Ivk smooth.
There exists {α1, ..., αn−1} ⊂ G such that [f(αk)] = [vk], since α 7→ [f(α)]
is surjective. Let s˜k : Ivk → mαk be the isometry guaranteed in Lemma 3.11.
Then, let γk : [xk, xk+1]→ mαk be defined by γk(t) = 〈s˜k(sk(t))〉.
Observe that ϕ(ηk(t)) = γf(αk)(sk(t)) = η˜
∣∣
[xk,xk+1]
(t). Thus, if we form η by
concatenating the ηk, we get that η˜ = Φ(η) as required.
Now, we show that Φ is injective. Suppose η1, η2 ∈ AX , and Φ(η1) = Φ(η2).
We must show that η1 = η2. This follows from the fact that ϕ is injective. Thus,
we have that Φ is a bijection.
Finally, we wish to show that Φ preserves lengths. Let η ∈ AX . Suppose
η : [a, b] → X, {x1, ..., xn} is a partition of [a, b], and {α1, ..., αn−1} ⊂ G such
that η
∣∣
[xk,xk+1]
(t) = 〈ηk(t)〉 for paths ηk : [xk, xk+1] → mαk . Let µk(t) =
γf(αk)(ηk(t)) = ϕ(〈ηk(t)〉). Then by Lemma 3.12
LX(η) =
n−1∑
k=1
L(ηk)
=
n−1∑
k=1
∫ xk+1
xk
|η′k(s)|ds
=
n−1∑
k=1
∫ xk+1
xk
|µ′k(s)|ds
=
n−1∑
k=1
Lg(Φ(η)
∣∣
[xk,xk+1]
)
= Lg(Φ(η))
as required.
4 Review of Boundary Measurement Problems
Many seismic and medical imaging problems can be framed as taking mea-
surements of a geometric system from the boundary and trying to recover the
interior geometry from these measurements. Thus, we would like to frame the
stitching data in these terms. Before we do this, we review two of the standard
boundary measurement inverse problems: boundary rigidity and lens rigidity.
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For all of the following problems, the given measurements do not change un-
der an isometry that fixes the boundary. We call this the ‘natural obstruction’.
For a more complete review of current results on boundary measurement
problems, we refer readers to [SUVZ19].
4.1 Boundary Rigidity
Distance is perhaps the simplest geometric quantity. Thus, the first boundary
measurement we will discuss is the distance between boundary points. Seis-
mically, this corresponds to measuring how long it takes an earthquake wave
to propogate from the earthquake epicenter to different seismometers set up
around the globe. Mathematically, let (M, g) be a Riemannian manifold with
boundary. Suppose we are given (∂M, dg
∣∣
∂M×∂M ). The boundary rigidity prob-
lem is to determine when this information allows us to recover (M, g) up to the
natural obstruction.
LetM be a class of Riemannian manifolds with boundary. We say thatM is
boundary rigid if the following holds: For all pairs of manifolds (M1, g1), (M2, g2) ∈
M such that there exists a diffeomorphism of the boundaries ϕ∂ : ∂M1 → ∂M2
satisfying dg2(ϕ
∂(x), ϕ∂(y)) = dg1(x, y) for all x, y ∈ ∂M1, then ϕ∂ extends to
a diffeomorphism ϕ : M1 →M2 such that g1 = ϕ∗g2.
Not all classes of Riemannian manifolds are boundary rigid. Consider the
class of compact Riemannian manifolds with boundary. One can construct a
compact Riemannian manifold with boundary (M, g) that has an open subset
U ⊂ M such that no distance-minimizing geodesics between boundary points
pass through U . Thus, g
∣∣
U
is invisible to the boundary distance data. In
particular, we can perturb g on U such that the boundary distances remain the
same, but the isometry class of M is altered. For a specific example, take the
round sphere and remove an open geodesic disk properly contained in one of
the hemisphere.
One class of manifolds that avoids the above issue is simple manifolds. A
compact, connected Riemannian manifold is simple if ∂M is strictly convex (i.e.
the second fundamental form on the boundary is everywhere positive definite),
and all geodesics are free of conjugate points. In [Mic81], Michel conjectured
that the class of simple manifolds is boundary rigid. It is not known whether
the entire class of simple manifolds is boundary rigid, however the following
subclasses are known to be boundary rigid:
1. Simple 2-dimensional manifolds [PU05]
2. Simple subspaces of Euclidean space [Gro83]
3. Simple subspaces of an open 2-dimensional hemisphere [Mic94]
4. Simple subspaces of symmetric spaces of constant negative curvature [BCG95]
10
4.2 Lens Rigidity
In the previous subsection, an issue arose when there was an open subset through
which no length-minimizing geodesics between boundary points pass. We ad-
dressed this issue by restricting to a class of manifolds for which this does
not occur. Alternatively, one might hope to address this issue by considering
geodesics which are not length-minimizing.
Let (M, g) be a compact Riemannian manifold with boundary which is a
codimension 0 subspace of a complete Riemannian manifold without boundary
(M˜, g˜). In other words, M ⊂ M˜ and g˜∣∣
M
= g. Define the exit time function
τ : SM → [0,∞] by τ(v) = ∞ if γv(t) ∈ M for all t ≥ 0, otherwise τ(v) =
inf{t ≥ 0|γv(t) ∈ M˜ \M}. We note that the values of τ on SM do not depend
on the specific extension of M to a manifold M˜ . Intuitively τ(v) is the first time
that γv exits the manifold M . When τ(v) 6=∞ for all v ∈ ∂SM , we say (M, g)
is non-trapping.
If τ(v) 6= ∞, define Σ(v) = γ˙v(τ(v)). Intuitively, Σ(v) is the direction that
γv is traveling when it exits the manifold M . If τ(v) = ∞, we leave Σ(v)
undefined. Thus, we obtain a partially defined function Σ : SM → SM . We
call Σ the scattering relation, and the pair (∂SM,Σ
∣∣
∂SM
) is the scattering data.
If, in addition to the scattering relation, we are given the exit times, what we
have is the lens data. Specifically, the lens data is the triple (∂SM,Σ
∣∣
∂SM
, τ
∣∣
∂SM
).
Observe that every point in M has a geodesic which passes through it and the
boundary. Thus, in principle the lens data may contain information about por-
tions of the manifold which are invisible to the boundary distance data.
Note that if v ∈ SxM is outward pointing (i.e. 〈v, νx〉 < 0), then τ(v) = 0
and Σ(v) = v. In most of the literature, the scattering and exit time relation
are initially defined only for inward pointing directions, and then extended to
be defined on all of ∂SM . For expositional simplicity, we will stick with our
defintion. While this definition differs from the extensions in the literature, one
can be obtained from the other, so all of the results are equivalent. As with
the boundary rigidity, we say a class of manifolds is lens rigid if the lens data
determines the metric up to an isometry which fixes the boundary.
The lens data determines the boundary distance data, and when the manifold
is simple, they are equivalent [Mic81]. Thus, one may ask if the additional
information contained in the lens data provides us with anything useful in the
non-simple case.
Guillarmou, Mazzucchelli and Tzou showed in [GMT17] that the class of
non-trapping, oriented compact Riemannian surfaces is boundary rigid. This
class is larger than the class of simple 2-dimensional Riemannian manifolds,
since it replaces the convex restriction with a non-trapping restriction, and
simple manifolds are already non-trapping.
In [LSU03], Lassas, Sharafutdinov and Uhlmann show that the boundary
distances for a simple Riemannian manifold (and hence the lens data) determine
the jets of the metric at the boundary in boundary normal coordinates. In
[SU07], Stefanov and Uhlmann extend this result to manifolds without conjugate
points (thus, lifting the convex boundary assumption).
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5 The Delayed Collision Data
Now, we develop a boundary measurement type problem from which we will
recover the stitching data.
Imagine, for each point in on the boundary of M , we can choose an inward
pointing direction and shoot a particle at unit speed along the geodesic in that
direction. Imagine further, that at another point on the boundary, you can wait
any amount of time from when the first particle was released, and fire another
particle at unit speed along a geodesic in any inward pointing direction. Then,
you can detect whether the two fired particles collide and how long it took for
the collision to occur.
In this section, we formalize the data set described above and show that it
determines the stitching data (and hence the geometry of the manifold) under
reasonable geometric assumptions.
To encode the geodesic information described above as boundary data, we
would like all geodesics to reach the boundary in at least one direction. The
folowing definition captures this idea
Definition 5.1. Let (M, g) be a Riemannian manifold with boundary. If the
map v 7→ [v] from ∂+SM to G is surjective, we say that (M, g) is semi-
nontrapping.
Where ∂+SM = ∪x∈∂M{v ∈ SxM |〈νx, v〉 ≥ 0}.
Let (M, g) be a Riemannian manifold with boundary. Let v, w ∈ ∂+SM and
D ≥ 0. If γv(t) 6= γw(t+D) for all t ≥ 0, then write D(v, w,D) =∞, otherwise
write D(v, w,D) = inf{t ∈ Iv|γv(t) = γw(t + D)}. We call D the delayed
collision operator. We defined the delayed collision data D = {(v, w, s,D) ∈
∂+SM × ∂+SM × Iv × [0,∞)|D(v, w,D) = s}. Intuitively (v, w, s,D) ∈ D if
we fire a particle in direction w, wait D units of time, then fire a particle in
direction v and the first collision occurs after s more units of time.
5.1 Relation to Lens Data
We briefly discuss the relationship between the delayed collision data and the
lens data. Namely, that the delayed collision data is stronger than the lens data.
Let v ∈ ∂SM . We start by dealing with the edge case Σ(v) = v (i.e. v is
outward pointing or tangent to the boundary at a convex point such that the
geodesic γv immediately exits M). This occurs if and only if all collisions with γv
occur at γv(0). Specifically, that {s > 0|(v, w, s,D) ∈ D for some w, s, d} = ∅.
Thus, the delayed collision data allows us to identify the set Σ(v) = v. Thus, in
what follows, we will assume that if Σ(v) = w, then v 6= w.
Let v ∈ S+M and Σ(v) = w. Then γv and γ−w are parameterizations of the
same geodesic but in opposite directions. In particular, there are a continuum of
intersection points between γv and γ−w. All of these points will show up in the
delayed collision data: if γv(s) = γ−w(t) and s ≤ t, then (v,−w, s, t− s) ∈ D.
Conversely, if Σ(v) 6= w then γv and γ−w intersect at discrete points. Thus,
we have Σ(v) = w if and only if the set {s|(v,−w, s,D) ∈ D or (w,−v, s,D) ∈
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(a) (v, w, s,D) ∈ D
(b) One intersection point is ‘hiding’ an-
other, because both geodesic segments have
length r
D} contains an interval. Thus, the delayed collision data determines the scat-
tering relation.
Now, we wish to recover the exit times. Observe that τ(v) = ∞ if and
only if there does not exist any w such that Σ(v) = w. Thus, we restrict our
attention to non-trapped geodesics. Suppose that Σ(v) = w. Then, observe
that τ(v) = D if and only if σ(v,−w, 0, D) ∈ D. THus, the delayed collision
data determines the exit times.
5.2 Recovery of Stitching Data
In this subsection, we show that the delayed collision data determines the stitch-
ing data if the manifold (M, g) is what we will call ‘generically delayed’.
As an intermediate between the delayed collision data and stitching data, we
define the stitching boundary relation to be the set B = {(v, w, s, t) ∈ ∂+SM ×
∂+SM × [0,∞) × [0,∞)|γv(s) = γw(t)}. The stitching boundary relation is
essentially a repackaged stitching data where the index set, G , is just ∂+SM .
Lemma 5.2. Let (M, g) be semi-nontrapping. Then the stitching boundary
relation determines a stitching data for (M, g).
Proof. We let G = ∂+SM . Then let f : ∂+SM → SM be the obvious injection.
Since (M, g) is semi-nontrapping, f is surjective. For v ∈ G , we define mv =
{t ≥ 0|∃w ∈ G , s ∈ R such that (v, w, t, s) ∈ B}. It is clear that mv = Iv.
Finally, we define Cv,w(s) = {t ∈ mw|(v, w, s, t) ∈ B}.
We would like to recover the stitching boundary relation from the delayed
collision data. Observe that, a sufficient condition for γv(s) = γw(t) is that
t ≥ s and (v, w, s, t − s) ∈ D (or if t ≤ s then (w, v, t, s − t) ∈ D). However,
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this is not a necessary condition. In particular if γv(s) = γw(t) and t ≥ s, but
(v, w, s, t−s) /∈ D, then there exists t′ ≥ s′ and r > 0 such that (v, w, s′, t′−s′) ∈
D and t = t′+ r, s = s′+ r. Geometrically, this occurs when two geodesics have
an intersection point, and then you travel the same length along each geodesic
to reach another intersection point. Intuitively, this means that any delayd pair
of particles that “would” collide at the second intersection point, collide at the
first intersection point instead. This situation should be rare, since the length
between intersection points measured along both geodesics would have to be
exactly the same.
Definition 5.3. Let (M, g) be a Riemannian manifold with boundary. A pair
of vectors (v, w) ∈ ∂+SM is generically delayed if γv(s) = γw(t) implies
(v, w, s, t− s) ∈ D or (w, v, t, s− t) ∈ D.
When (v, w) are not generically delayed, we have one intersection point ‘hid-
ing’ intersection points past it. If the ‘hidden’ intersection points can be reached
by a third geodesic which does not have the original issue, we can overcome this
obstruction. This third geodesic is confirming the existence of the hidden inter-
section points. The following definition formalizes this.
Definition 5.4. Let (M, g) be a Riemannian manifold with boundary. We
say that (M, g) confirms intersections if for all (v, w, s, t) ∈ B, there exists
z ∈ ∂+SM such that
1. γz passes through γv(s)
2. (v, z) and (w, z) are generically delayed.
In such a case, we say that z confirms the intersection (v, w, s, t).
Lemma 5.5. Let (M, g) be a semi-nontrapping Riemannian manifold that con-
firms intersections. Then (v, w, s, t) ∈ B if and only if there exists z ∈ ∂+SM
and r ∈ Iz such that
1. (z, v, r, s− r) ∈ D or (v, z, s, r − s) ∈ D.
2. (z, w, r, t− r) ∈ D or (w, z, t, r − t) ∈ D.
Proof. First, suppose that (v, w, s, t) ∈ B. Suppose z confirms the intersection
(v, w, s, t). This implies that γz passes through γv(s) = γw(t) and that (v, z),
(w, z) are generically delayed. Let r ∈ Iz be such that γz(r) = γv(s) = γw(t).
By the definition of generically delayed we have that
1. (z, v, r, s− r) ∈ D or (v, z, s, r − s) ∈ D.
2. (z, w, r, t− r) ∈ D or (w, z, t, r − t) ∈ D.
as required.
Conversely, suppose that there exists z ∈ ∂+SM and r ∈ Iz such that
1. (z, v, r, s− r) ∈ D or (v, z, s, r − s) ∈ D.
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2. (z, w, r, t− r) ∈ D or (w, z, t, r − t) ∈ D.
Then (1.) implies that γz(r) = γv(s), and (2.) implies that γz(r) = γw(t).
Thus, by transitivity γv(s) = γw(t), so (v, w, s, t) ∈ B as required.
As a direct corollary of the lemma, we obtain
Theorem 5.6. Let (M, g) be a semi-nontrapping Riemannian manifold that
confirms intersections. Then the delayed collision data determines a stitching
data for (M, g).
Acknowledgements
This research is partially supported by the NSF.
References
[Lee03] J.M. Lee, Introduction to Smooth Manifolds, Graduate Texts in Mathematics,
Springer, 2003.
[Bou20] Nicolas Boumal, An Introduction to Optimization on Smooth Manifolds, 2020.
[Lee18] J.M. Lee, Riemannian Manifolds: An Introduction to Curvature, Graduate Texts
in Mathematics, Springer New York, 2018.
[Sch01] Thomas Schick, Manifolds with Boundary and of Bounded Geometry, Math-
ematische Nachrichten 223 (2001), no. 1, 103120, DOI 10.1002/1522-
2616(200103)223:1¡103::aid-mana103¿3.0.co;2-s.
[BBI01] Dimitri Burago, Yuri Burago, and Sergei Ivanov, A Course in Metric Geometry,
Crm Proceedings & Lecture Notes, American Mathematical Society, 2001.
[SUV17] Plamen Stefanov, Gunther Uhlmann, and Andras Vasy, Local and global boundary
rigidity and the geodesic X-ray transform in the normal gauge (2017), available at
1702.03638.
[SUVZ19] Plamen Stefanov, Gunther Uhlmann, Andras Vasy, and Hanming Zhou, Travel time
tomography, Acta Mathematica Sinica, English Series 35 (2019), no. 6, 1085–1114.
[Mic81] Rene´ Michel, Sur la rigidite´ impose´e par la longueur des ge´ode´siques, Inventiones
mathematicae 65 (1981), no. 1, 71–83.
[PU05] L Pestov and G Uhlmann, Two dimensional simple compact manifolds with bound-
ary are boundary rigid, Ann. Math 161 (2005), no. 2, 1089–1106.
[Gro83] Mikhael Gromov, Filling riemannian manifolds, Journal of Differential Geometry
18 (1983), no. 1, 1–147.
[Mic94] Rene´ Michel, Restriction de la distance ge´ode´sique a un arc et rigidite´, Bulletin de
la Socie´te´ Mathe´matique de France 122 (1994), no. 3, 435–442.
[BCG95] Ge´rard Besson, Gilles Courtois, and Sylvestre Gallot, Entropies et rigidite´s des es-
paces localement syme´triques de courbure strictement ne´gative, Geometric & Func-
tional Analysis GAFA 5 (1995), no. 5, 731–799.
[GMT17] Colin Guillarmou, Marco Mazzucchelli, and Leo Tzou, Boundary and lens rigidity
for non-convex manifolds, arXiv preprint arXiv:1711.10059 (2017).
[LSU03] Matti Lassas, Vladimir Sharafutdinov, and Gunther Uhlmann, Semiglobal boundary
rigidity for Riemannian metrics, Mathematische Annalen 325 (2003), no. 4, 767–
793.
[SU07] Plamen Stefanov and Gunther Uhlmann, Local lens rigidity with incomplete data
for a class of non-simple Riemannian manifolds, arXiv preprint math/0701595
(2007).
15
